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Preconditioners are transformations to iz or to the

Markov kernel 7 such that mixing time is
Improved

They attempt to surmount obstacles to sampling
efficiency



A Model Process and its Derivatives

Define OLD (7, D) as the solution to

dX, = (D(X,) Vlog n(X,) + div(D(X,))) dt + 1/2D(X,)dB,

where D : R? — PD . ,and div : R*“ — R s defined with

0
div(D); := ) —D();
jeld]

Generator £, = — V*DV where V* is the adjoint of V in L’ (x)
The Dirichlet form is &, ,(f) = E [ Vf D Vf]

The spectral gapisy,p = Int &_p,(f)
| IA=1



Obstacle 1: Scale Mismatch

The scales of 7 and P, are mismatched

Case 1: scale(rr) > scale(P,)

Sampler is Markovian and hence will be ‘too slow’

e.g. [Altschuler and Talwer 2022 Theorem 3.2]: lower bounds on TV mixing
of ~ULA

2
}/ﬂ,hzld X h

Case 2: scale(r) < scale(P,)
Discretisations will fail



Obstacle 1: Scale Mismatch cont.

Example: ULA with step size h* on 7 = N (0,61 7):

2(t—i—1)
T e



Obstacle 1: Scale Mismatch cont.

Preconditioning

Adjust h° according to:
Optimal scaling arguments see, e.g. [Roberts, German and Gilks 1997]

Prior knowledge about 7 see e.g. non-asymptotic literature

Heuristic arguments: as big as possible and no more



Obstacle 2: Linear Anisotropy

For each direction the target has a single length scale, but these vary
across directions

e. f(x,v) := v' V?log z(x)v is const. with fixed v but not with fixed x

If P_ ‘is isotropic’ then we have scale mismatch along at least one
direction

ff(x) = v'xthen &, o (f) = h2HvH2 (vTCov, (X)v)
Therefore y, ;o1 < h*l, (COV (X))

—1



Obstacle 2: Linear Anisotropy cont.

Example: ULA with step size h*>onnm = N (0,2 )):
Wy Z(X,| Xy), ) < max{ |1 — h*A(Z,) " |} Wa(bx , mp) +

1€[d]
/(e _ ]
tr( T ) *\ y _ hz/il(Zﬂ)—l —

where 1, is the equilibrium distribution of ULA




Obstacle 2: Linear Anisotropy cont.

Preconditioning

One may choose a linear change of variables to isotropise &

Use L = o diag (iﬂ)

Used in stan and TensorFlow probabillity
Computationally cheap to infer and precondition with

There exist cases in which it can increase the anisotropy Iif the target is
already very anisotropic [H. and Livingstone 2025]



Obstacle 2: Linear Anisotropy cont.

Preconditioning

Fully dense preconditioner e.g. L = o iﬂ oro Cov (Vlog )~ ! or
—o V?log m(x*)

Covariance and ‘Fisher’ matrices admit straightforward learning
mechanisms

Either can be favourable depending on tailedness of the target

Learning —o V?log z(x*) or other problem specific preconditioners is
possibly even easier, done e.q. in [Burkner 2017 ‘brms’]



Obstacle 2: Linear Anisotropy cont.

Recall: ¥, o1, < thCOVﬂH_l

KLS conjecture [Kannan, Lovasz, Simonovitz 1995]: if 7 is log-concave
Yena, 2 (:HC()VﬂH_1 for universal ¢ € (0,1)

Proven up to 41/log d [Chen 2021, Klartag 2023]

Longest scales of & are the essential barrier to mixing for OLD(, hzld)

If, however, global shape of 7 doesn’t resemble local shape, linear
preconditioners can be problematic:

7 is a two component mixture with same covariance 2. but different

means [{; and
M1 2 Cov,(X) = X+ (uy — ) (uy — )"



Obstacle 3: Heavy Tails

There exists a direction v and R, > 0 such that E_[ |vTX|*] = oo but
= [|v'X]"] < coforr <R,

We expect |V log n(x)| — O as |[x|| = o

A Markovian sampler will have trouble exploring along direction v

e.g. drift of OLD(z, hzld) will go to zero along v

| |
Use f(x) = (w'x)  fork & (ERV’ ERV + 1) to givey,x =0



Obstacle 3: Heavy Tails cont.

Example:

4+ d+ R
T X (1 + HXHZ/R) * => Vlogr = — P

(1+ |Ix|[/R) ™ x

Vlogn — 0 = OLD (x, 2) is not geometrically ergodic [Roberts and
Stramer 1996 Theorem 2.4]

[Mousavi-Hosseini et al. 2023 Corollary 8]: mixing times of
OLD (71', h1 d) and ULA are exponentially dependent on initial error



Obstacle 3: Heavy Tails cont.
OLD (z,D): dX, = (D(X,) Vlog n(X,) + div(D(X,))) d +1/2D(X,)dB,
Preconditioning

Either i) use D(x) to speed up dynamics along vii)use T : RY - X
such that /4 has lighter tails

In fact T,0LD (71', Id) = OLD (Tﬁﬂa JTJYT)

[Roberts and Stramer 1996]: use D(x) = z(x)™“1 , for @ € [0,1]



Obstacle 3: Heavy Tails cont.
Preconditioning

[Cui, Tong, Zahm 2025]: Use D(x) = 7,(x) where 7_(x) is a Stein Kernel
= Ap(X)X = p)] = E (X)) V(X))

Note: non-unique
[Cui, Tong, Zahm 2025] give a 7,(x) such thaty, . = 1

OLD (72', Tﬂ) has drift —(X, — u.)



Obstacle 3: Heavy Tails cont.
Preconditioning

[lJohnson and Geyer 2012]: Use a transformation to tame the tails

X
I'(x) = fUlxID——
x|

Do MCMC on Tﬁﬂ'

Theoretical results for particular f ‘s



Obstacle 3: Heavy Tails cont.
MAL A [E)(Eif77ﬁ)/€9:
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Obstacle 3: Heavy Tails cont.

Roberts + Examp /e';HR
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Obstacle 3: Heavy Tails cont.

Stein Kernel Exampl ©

(Metropolised) o (1+IxI/R) * ,R=15
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Obstacle 3: Heavy Tails cont.

Stein Kernel Exagnp le':HR
(Metropolised) rx (1+|x|¥R) > ,R=15
d="1 d=10, optimised step size
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Obstacle 3: Heavy Tails cont.

Johnson and Examp /e':m

Geyer g (L+|x[I*/R) > ,R=15
(Metropolised) d=1 4=10
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Obstacle 3: Heavy Tails cont.

Non-Stein Kernel Preconditioners can work well given knowledge of
centre and tails

Too severe: pathologies a la scale mismatch

Too little: no effect

Difficult to strike a balance in high dimensions

Stein Kernels are good if you can find them

They are a new technology



Obstacle 4: Nonlinear Concentration

7t IS well concentrated but its contours are no longer convex

Region of high probability under 7 is ~ non-linear manifold
Without m-specific modification canonical samplers will

) Fail to explore the full manifold
1) Exhibit high rejection rates or instability

Obstacle cannot be surmounted with a linear change of variables



Obstacle 4: Nonlinear Concentration cont.
OLD (z,D): dX, = (D(X,) Vlog n(X,) + div(D(X,))) d +1/2D(X,)dB,
Preconditioning

Either i) Have the manifold inform D ii) use T : R* — X such that Tyz is

~ standard normal

Transport-based methods can be categorised into

) methods constructing 1 using normalising flows

i) methods constructing 1’ using optimal-transport inspired ‘triangular’
maps AKA measure transport of Youssef Marzouk’s group



Obstacle 4: Nonlinear Concentration cont.

Metric based methods:

Likelihood Informed methods [Cui et al. 2014, Cui et al. 2016]: local to a
point in the state space, calculate the directions along which the scale of
the posterior differs the most from the prior

Riemannian methods [Girolami and Calderhead 2011] use variants of the
Fisher information to construct metrics

Transformation based methods:

Parametrise the space of transformations {7, : 0 € ©} and find

0* = arg min d((1y)ym, AV (0,1,))
e

Do MCMC on (7« )4 and transform back



Obstacle 5: Multimodality

7t IS multimodal with sufficient separation

Going from one ‘basin of attraction’ to another has vanishingly small
probability for local methods

Let x and y be modes separated by a unique saddle point at 7
Eyring-Kramers [Eyring 1935, Kramers 1940]:

/e
- [time(x — y)]| ~ (ﬂ(x) )

n(2)
Under OLD (72', Id) with ¢-scaled diffusion, as ¢ — 0



Obstacle 5: Multimodality cont.

Example:
ax)xeXl{|lx|<l—-r}+1{-1<x<-(1-nN}+1{l-r<x<1}

0.5+

-1 -0.5 0 0.5 1

Choosing f piecewise linear to vary between modes gives




More In the paper:

Real-world examples

Hard targets require non-regular preconditioners

In solving Ax = b there exist ‘left’ and ‘right’ preconditioners

We define analogous concepts for sampler preconditioners

Gaussian equivalence

More on the mysterious Stein Kernels

Y N




